The model of the
Abstract
The model of the instrumental function of a fourcircle X-ray diffractometer suggested earlier [Chulichkov et al. (1987) , Kristallografiya, 32, 1107 Kristallografiya, 32, -1114 is complemented by the introduction of the crystal mosaicity. This improved model is used to develop a method for the reconstruction of the mosaicity function profile f(w) from the experimental intensity profile l(w) measured on a diffractometer. The method consists of the reduction of the experimental l(w) distribution to the form it would have if it were measured on a diffractometer with an instrumental function close to the 6 function. The suggested method for determining f(w) is tested on Si crystals with dislocation densities Nd=3×10 ~° and 2x 1011 m -2.
Introduction
The analysis of intensity profiles of X-ray Bragg reflections in single-crystal diffractometry has been carried out for quite a long time with the aim of improving the precision of X-ray experiments. Such an analysis has been used in most methods for determining the scanning range in integral intensity measurements (see Aslanov, 1983) . Profile analysis has proved to be useful for eliminating scan-truncation errors (Hanson, Watenpaugh, Sieker & Jensen, 1979) and has been utilized to reduce the data collection time by means of truncation of scanning intervals. Jennings (1970) proposed an analysis of the intensity of reflection profiles for empirical estimation of included thermal diffuse scattering (TDS) when information about elastic constants of the crystal is absent. Stevens (1974) also attempted to use this idea for the determination of the TDS correction. He determined the intensity of TDS by fitting its assumed intensity profile to the experimental one taking into account the Bragg profile obtained by the convolution method. This approach was developed later by Blessing (1987) . The difficulty here consists of the necessity for a priori assumptions on the distributions used in the corresponding convolutions, which are not known precisely. The approximate character of the a priori assumptions on the instrumental distributions and on the specimen (see Stevens, 1974; Destro & Marsh, 1987; Louboutin & Lou~r, 1972) does not allow one to calculate a synthetic intensity profile that describes equally well all points of the experimental one. Also, the method of convolutions does not allow one to check the reliability of the model used, for example to describe TDS according to the approach of Stevens (1974) , i.e. it is impossible to estimate the degree of contradiction between the model and experimental data.
The disadvantages of the convolution method may be avoided by constructing a mathematical model of the process of intensity measurements on a diffractometer taking into account the effect of the instrument on the measured intensity profile. The modeling function can include any number of new parameters, thus introducing into consideration the characteristic features of the experiment. Earlier we suggested (Chulichkov et al., 1987) a model of the instrumental function based on the geometric representation of reflections on the Ewald sphere. This model takes into account the beam divergence, spectral inhomogeneity of the radiation, the size of the detector aperture, the shape and size of the specimen, and the type of scanning. The validity of the model was proved by comparison of the 'synthetic' and measured intensity profiles for dislocation-free cystals of Si.
The aim of the present work is to develop a method for reconstruction of the reflectivity function of the single crystal from the experimental diffraction profile measured on a four-circle X-ray diffractometer. Such a function, reconstructed considering the effects of instrumental broadening of the reflection, background and diffusion scattering, could be used to evaluate the precise quantity of integrated intensity in X-ray structural analysis. In this paper we suggest a method for reconstruction of reflectivity (or better called the 'mosaicity function') from the experimental intensity profile of reflections measured on a fourcircle diffractometer, which is the first step of the work. The method is based on the model considered earlier (Chulichkov et al., 1987) and does not yet take into account X-ray diffuse scattering. Results of experimental testing of the method are discussed.
Allowance for mosaicity in the model of a Bragg reflection
In order to construct a fuller model of the intensity profile of a Bragg reflection we complemented the 0021-8898/89/040315-06503.00 O 1989 International Union of Crystallography model of Chulichkov et al. (1987) with a function describing crystal mosaicity. Here the mosaicity function f(e) is a function such that f(e)de equals a relative number of blocks whose reciprocal-lattice vectors H are misoriented by Ae with respect to a certain fixed direction in the equatorial plane of the diffractometer (the diffraction plane). The function f(e) may be interpeted as the probability density of the mosaic orientation distribution. In fact, f(a) is a cross section of a certain function of two variables which describes the spatial misorientation of the mosaic blocks in the specimen. The intensity profile measured in an X-ray experiment may be represented as consideration the primary X-ray beam divergence, its spectral inhomogeneity, the aperture size of the detector, the type of scanning, and the size, shape and mosaicity of the specimen.* Mosaicity spreads a reciprocal-lattice point into a certain volume. A point Q of this volume has coordinates Q([2(sin 0o)/Ao] cos/3 cos e, [(2 sin eo)/Ao] x cos/3 sin e, [(2 sin 0o)/Ao] sin/3),
where Ao is the wavelength corresponding to the maximum in the spectrum, and the other quantities have the meaning indicated in the caption to Fig. 1 . The direction opposite to that of the incident beam ( Fig. 1) is given by the unit vector n o and the direction of the reflected beam is given by the unit vector Ill, Ilo: (sin (00+ 01), cos(00+01), 0) (2.2a) Ill: (sin (0o+ 02) cos ~, -cos ~ cos (0o+ 02), sin ~).
(2.2b)
In the construction of the Bragg reflection model (Chulichkov et al., 1987) , the divergence of the primary beam and its spectral spread, from Ao to Ao+AA, results in the spread of the center of the Ewald sphere into a volume. A point N' of this volume gives a contribution to a reflection only if the Bragg condition is fulfilled and if N' is the center of the * We suppose that the dislocation density in the specimen is not too high and the rocking-curve broadening, measured on an X-ray diffractometer with very narrow instrumental function, is due only to misorientation of coherently scattering regions, but not to their dimensions. Furthermore, the absence of residual stresses of first and second order in the specimen, and hence the absence of variation of Inl, is supposed. These assumptions are quite true with good-quality crystals suitable for precise X-ray structural analysis.
Formulation and solution of reduction problem
We suppose that the mosaicity function f(a) in our experiment is an ensemble of the different values of a random element f with the given mathematical expectation Ef=fo and the correlation operator F = toI where is the scattering point, a is the angle of spreading of the reciprocal-lattice point due to crystal mosaicity in the equatorial plane of the difffractometer (plane K), fl is the spread angle normal to K, 0o is the Bragg angle of the maximum reflection; 01 is the angle of the deviation of the incident ray from the direction set by angle 0o in the plane K, 02 is the deviation of the diffracted beam from 00 in the plane K, ¢ is the deviation of the diffracted beam from 0o in the plane normal to K, and XYZ is the fight-hand triad of axes in the Cartesian coordinate system where XY ~ K.
Ewald-sphere volume for an incident wave h*~ [ho-~lh, ho+ AA]. This wave deviates from the direction given by 0o by an angle not exceeding a certain value determined by the divergence of the incident beam and crystal size. In accordance with the Ewaldsphere construction (see James, 1967) , the Wulf-Bragg condition is satisfied if N' lies in the plane passing through FF' normal to K (Fig. 1) . The Bragg condition and the requirement for point N' to belong to this plane imposes some constraints on A* and angle y--FON' [see Appendix, equations (7), (9)], h * -h = AA = ho( 0o -a) cot 0o and sin 2 3' = (0o-01-2a)2+ (2/3 sin 0o-~o) 2.
Since the shape of the spectral lines of the characteristic X-radiation is well described by the Lorentz function, the integral intensity I (01) The integration range W is determined by the above constraints. As in Chulichkov et al. (1987) , the integral over this region may be taken analytically. But here it leads to a function of two arguments, K(01-a).
Thus ( where N is the number of measurements within the intensity profile, K(O~i-a) is the function modeling Bragg scattering from an ideal single crystal, andf(a) is the mosaicity function. Let us rewrite the measurement scheme (2.1) in a form more convenient for further analysis, taking into account the fact that the detector records a random flow of quanta s c at each actual position. This flow is the sum of two quantities: a Poisson flow ~pi described for each given f value by the first term of (2.4) and denoted as (Af), and the total noise background vb~. If Vbi and ~p~ are independent, and vb~ has zero mathematical expectation and dispersion O'b~, it is possible to rewrite (2.1) in the form = Af+ Up + Vb,
5)
where the first term is the mathematical expectation of the Poisson flow for fixed f, Vp is a random component of the Poisson flow, and Vb is the noise component. The measurement scheme (2.5) is described by model [A, F, fo,-~] (see Pyt'ev, 1985) . Here, the following quantities are known: operator A ~ (R ~/~) which acts from the Gilbert space R onto the Euclidean space /~ (this was determined in § 2), the mathematical expectation Ef=fo, the correlation operator The total error of reduction is
(2.10)
As follows from the formulation of the reduction problem (2.6), the vector Vf is the best mean-square linear estimate of vector Vf from measurements ~c. The error of reduction (2.10) is entirely determined by the measurement model, i.e. by the operators A, F, ~, and vector fo and is independent of ~. As there are no perfect models the first question to be answered in the solution of the reduction problem is whether the model used is consistent with the results of the measurements. The method for determining the reliability, i.e. the degree of the correspondence between the model [A, F, fo, ~] and the experimental data, is discussed in detail elsewhere (see Aslanov et al., 1989) .
Reconstruction of the mosaicity function
Special software was written for intensity profile analysis by the method described. The program (2), Si(4) had ground surface, and Si(1), Si(3), Si (5) were etched after grinding. Initial Nd of material for Si(1), Si(2), Si(3) was 3 × 101° and for Si(4), Si(5) 2x 10 ~ m -2.
processing the experimental intensity profile of a reflection reconstructs step by step the corresponding mosaicity function, and determines its half-width and reliability of the reconstruction. The reconstructed mosaicity function represents the reflectivity profile for the reflection and is not disturbed by background and the diffractometer instrumental function, which makes it suitable for precise integrated intensity determination, if the quantity of X-ray diffusion scattering is negligible. It may be also treated like a rocking curve measured on a spectrometer with very narrow instrumental function and could be used to characterize the microstructure of the sample. Its width at half-height may be utilized as a parameter in secondary extinction correction in precise structural analysis, for example similar to the approach of Hoche, Schulz, Weber, Belzner, Wolf & Wulf (1986) .
The suggested method was experimentally tested by reconstruction of the mosaicity function for reflections of silicon crystals with different dislocation densities. Two types of material were used*: Si with dislocation density Nd = 3 x l01°, and Si with Nd = 2X 101~ m -2. The dislocation density was produced by pressing the pure Si single crystals with Nd = 106m -2 at 1370K along the [112] direction. The obtainedmaterials were cut by a diamond saw to cubes with an edge of 0.5 mm and then ground to spheres about 0.3 mm in diameter in an air-driven crystal grinder (FR512, Enraf-Nonius).
The reflection intensity profiles of several samples for each material were measured on a CAD-4 diffractometer (Mo Ka radiation, graphite monochromator, to scanning). Table I presents the widths of the reconstructed mosaicity function at half-height with values of errors in brackets for reflections corresponding to characteristic directions of Si dislocation structure ((110): directions for Burgers vector of edge-type dislocations stable in Si lattice and slip directions; *The materials with the indicated dislocation densities were kindly provided by N. M. Olekhnovich from the Institute of Physics of Solids and Semiconductors, Byelorussian Academy of Science, Minsk, USSR. The technology of material preparation and the method of dislocation density determination was described by Olekhnovich & Markovich (1978) .
{111}: slip planes for edge-type dislocations and planes of stacking faults), to axial reflections and to arbitrary reflections. To assess the reliability of the results obtained by this method measurements were repeated with different statistics many times for 800 reflection of the Si(4) sample. The shape and the width of the reconstructed mosaicity function were reproduced with good accuracy. Reflections of two orders were also used to check the reconstruction method. Results for some of these are also given in Table 1 .
In Fig. 2 the shapes of reconstructed 'rocking curves' of the samples Si(1) and Si(5) are shown together with the experimental intensity and the instrumental function profiles. The negative values on the tails of curves like those in Figs. 2(e), (f), (g), (h) appear to be due to 'noise' in the method used for reconstruction. The physically significant region off(a) according to estimation of reliability is restricted in Fig. 2 by vertical dashed lines (for details see Aslanov et al., 1989) .
Discussion
As follows from the results of experimental testing of the method the obtained mosaicity function f(a) correlates with dislocation density in crystals and may be treated like a rocking curve measured on a diffractometer with very narrow instrumental function. The reliability of the method was confirmed by the remarkable coincidence off(a) reconstructed from intensity profiles of different-order reflections as well as by results of repeated measurements.
The model used in this method does not yet take into account TDS which can influence the shape and the width of the reconstructed mosaicity function. This may be one of the reasons why mosaicity functions for the (111)-type plane reconstructed here are wider than rocking curves for the same plane of samples with dislocation densities of the same order measured on a three-crystal diffractometer [see Fig. 2 of Olekhnovich & Marcovich (1978) ]. The first attempts to reconstruct f(o~) taking TDS into consideration revealed some decrease of mosaicity function width. Work on including TDS in the model is continuing. The solution of this problem would make the model more complete and suitable for estimation of crystal reflectivity and for precise determination of Bragg reflection intensity and evaluation of integrated intensity of TDS.
APPENDIX
The limitations imposed on wavelength A* from the spectral range of the radiation used, A0+dA, and satisfying the condition of Bragg reflection from a spread hkl point may be found by determining the point of intersection of line ON' (Fig. 1) with a plane passing through the middle of the segment [ OQ] and normal to it. If the coordinates of the middle of the segment [OQ] are (a, b, c) , the equation of the indicated plane may be written as
where a = A cos o~ cos/3; b = A sin a cos/3; c = A sin/3; A = (sin 0o)/Ao.
If we take into account the smallness of angles c~ and /3, we have
The equation of a straight line QN' is written as (4) where t is determined by expression (5). Now it is easy to determine the wavelength A* that gives the contribution to the reflection recorded at point Q of the reciprocal space 1/x*=(x~+/+z~)'/~=tln,I.
By definition, In~] = 1, and t from (5) with due regard for the smallness of angles 02, ¢, a and/3 in the form sin 0o 1 t---A0 sin 0o+(02-a)cos 0o"
Hence, it follows from (6) that AA = ho(02-a) cot 00.
The restriction imposed on angle FON'=y may be determined (in the same approximation of small angles) from the vector product [no, ON'], where ON' has coordinates (x, y, z) (4) and the direction no is given by the direction eosines (2.2a)
InoX ON'I 2= sin: YloN'l 2, Inol=(nyz-n~y)2+(nzx-nxz)2+(nxy-nrx) :. (8) Since Inol = 1, then, taking into account (la), (4)-(5), we obtain from (8) the following constraint on angle y: sin2y=(OE-O1-2a)2+(2fl sin Oo-gO)2.
(9)
